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IRREDUCIBLE SO(3) GEOMETRY IN DIMENSION FIVE
MARCIN BOBIESKI AND PAWE NUROWSKI
Abstrat. We onsider the nonstandard inlusion of SO(3) in SO(5) as-
soiated with a 5-dimensional irreduible representation. The tensor Υ rep-
resenting this redution is found to be given by a ternary symmetri form
with speial properties. A 5-dimensional manifold (M, g,Υ) with Riemannian
metri g and ternary form generated by suh a tensor has a orresponding
SO(3) struture, whose Gray-Hervella type lassiation is established using
so(3)-valued onnetions with torsion.
Strutures with antisymmetri torsions, we all them the nearly integrable
SO(3) strutures, are studied in detail. In partiular, it is shown that the
integrable models (those with vanishing torsion) are isometri to the symmetri
spaes M+ = SU(3)/SO(3), M− = SL(3, R)/SO(3), M0 = R5. We also
nd all nearly integrable SO(3) strutures with transitive symmetry groups of
dimension d > 5 and some examples for whih d = 5.
Given an SO(3) struture (M,g,Υ), we dene its "twistor spae" T to be
the S2-bundle of those unit 2-forms on M whih span R3 = so(3). The 7-
dimensional twistor manifold T is then naturally equipped with several CR
and G2 strutures. The ensuing integrability onditions are disussed and
interpreted in terms of the Gray-Hervella type lassiation.
MSC lassiation: 53A40, 53B15, 53C10
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1. Introdution
In Cartan's list of the irreduible symmetri spaes of Type I the rst entry is o-
upied by the family of symmetri spaes SU(n)/SO(n). If n = 2 the orresponding
manifold is a 2-dimensional sphere S2, but n = 3 already orresponds to a nontrivial
manifold M+ = SU(3)/SO(3). This is the so alled Wu spae [12, 14℄ whih has a
number of interesting properties. Among them there is a fat that M+ onstitutes
the lowest dimensional example of a simply onneted manifold not admitting a
Spin
c
struture [6℄. From the point of view of the present paper another property
of this spae is ruial: the isotropy representation ofM+ = SU(3)/SO(3) oinides
with the irreduible 5-dimensional representation of SO(3). Thus, this spae pro-
vides a symmetri model of a 5-dimensional manifold equipped with the irreduible
SO(3) struture. Inspeting the entire Cartan list of the irreduible symmetri
spaes one nds (in Type III, again at the rst entry!) another 5-dimensional spae
M− = SL(3,R)/SO(3) equipped with the natural irreduible SO(3) struture.
The aim of this paper is to study 5-dimensional geometries modelled on the
spaes M+ and M−. By this we mean studies of 5-dimensional manifolds with
the redution of the struture group of the SO(5)-frame bundle to the irreduible
SO(3). This plaes the paper in the domain of speial geometries, i.e. Riemannian
geometries equipped with additional geometri strutures. In Ref. [3℄ Th. Friedrih
provides a general framework for analysing suh geometries. He also proposes the
investigation of geometries modelled on M+ there.
The framework for analysis of speial geometries onsists of several steps. First,
one distinguishes a geometri objet, preferably of tensorial type, that redues
the struture group and dening the speial geometry. Then, one introdues a
metri onnetion whih preserves this objet. As the last step one determines the
restritions on the speial geometry for this onnetion to be unique. This unique
onnetion, its torsion and urvature are then the main tools to study the properties
of the onsidered speial geometry.
It is instrutive to illustrate this proedure on the well known example of a
nearly Kähler geometry. Our hoie of nearly Kähler geometry for this illustration is
motivated by the fat that its behaviour is remarkably lose [7℄ to all the phenomena
we want to disuss in the ontext of the irreduible SO(3) geometries in dimension
ve.
A Riemannian geometry (M, g) on a 2n-dimensional manifold M an be made
more speial by an introdution of a metri ompatible almost omplex struture.
This is a tensor eld J : TM → TM whih satises J2 = − id and g(JX, JY ) =
g(X,Y ). The tensor J redues the struture group from SO(2n) to U(n) and
indues the distinguished inlusion of the Lie algebra u(n) in so(2n). This inlusion
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denes a lass of a metri ompatible onnetions Γ whih preserve J . Here and in
the following we will represent onnetions by means of Lie-algebra-valued 1-forms
on manifolds so, in the onsidered ase, Γ ∈ u(n) ⊗ Ω1(M), where u(n) ⊂ so(2n).
The onnetions Γ are highly not unique. However, sine all of them may be
onsidered as elements of so(2n)⊗Ω1(M), i.e. as elements of the spae in whih the
Levi-Civita onnetion
LC
Γ resides, one an try to make Γ unique by the requirement
that in the deomposition
(1.1)
LC
Γ = Γ + 12T
the T -part has some speial properties. In the onsidered ase the uniqueness of Γ
is ahieved by the demand that in the above deomposition
(1.2) T ∈ Ω3(M).
The 3-form T is then interpreted as a skew-symmetri torsion of the onnetion
Γ. It follows that the deomposition (1.1)-(1.2) is possible only for a sublass of
metri ompatible almost omplex strutures. They may be haraterised by the
ondition
(
LC
∇v J)(v) = 0 ∀v ∈ TM.
The metri ompatible almost omplex strutures satisfying this ondition are alled
nearly Kähler. Their geometri properties are desribed in terms of the properties
of the unique u(n)-valued onnetion Γ dened by (1.1)-(1.2). In partiular, the
torsion-free ase, T ≡ 0, orresponds to Kähler geometries. Another types of the
nearly Kähler strutures may be distinguished by speifying that the urvature of
Γ belongs to a partiular U(n)-irreduible omponent of the tensor representation
u(n)⊗ Ω2(M).
Our treatment of the irreduible SO(3) geometries in dimension ve imitates
the above approah to the nearly-Kähler geometries. We rst introdue an ob-
jet, the (3,0)-rank tensor Υ, whih redues the SO(5) struture to the irreduible
SO(3). Although this tensor has a dierent rank then J its geometri harateri-
sation, whih is a ertain algebrai quadrati identity on Υ, resembles very muh
the quadrati ondition J2 = − id. Using Υ we distinguish an inlusion of so(3) in
so(5). This maximal inlusion is used on a Riemannian manifold endowed with Υ
to distinguish a lass of so(3)-valued metri onnetions Γ. These are suh that, in
the deomposition (1.1), they have the skew-symmetri T -part. It follows that suh
onnetions, if exist, are unique. Their existene is only possible for a partiular
lass of tensors Υ haraterised by the ondition
(
LC
∇v Υ)(v, v, v) = 0 ∀v ∈ TM.
The organisation of the paper is reeted in the table of ontents. The notation is
standard. However, depending on the ontext and esthetis of the presentation, we
use both the Shouten notation with the indies of tensors as well as the geometri,
index-free notation. Sine all the time we are in the Riemannian ategory, we do
not distinguish between ovariant and ontravariant tensors. This onvention, when
used in the formulae written in the Shouten notation, enables as to identify tensors
with upper and lower indies. We will write them in the both positions depending
on onveniene. In the entire text the Einstein summation onvention is assumed.
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2. Tensor Υ reduing O(5) to the irreduible SO(3)
The two obvious examples M+ = SU(3)/SO(3) and M− = SL(3,R)/SO(3)
of the irreduible SO(3) strutures should be supplemented by still another one,
whih in a ertain sense, is the simplest. One ahieves this example by identifying
vetors A in R5 with 3× 3 symmetri traeless real matries σ(A),
(2.1) M
5 = { σ(A) ∈M3×3(R) : σ(A)T = σ(A), tr(σ(A)) = 0 },
and dening the unique irreduible 5-dimensional representation ρ of SO(3) in R5
by
(2.2) ρ(h)A = h σ(A) hT, ∀ h ∈ SO(3), A ∈ R5.
Then M0 = (SO(3)×ρ R5)/SO(3) also has an irreduible SO(3) struture.
From now on we identify R5 with matries M5 as in (2.1). Given an element
A ∈ R5 we onsider its harateristi polynomial
PA(λ) = det(σ(A) − λI) = −λ3 + g(A,A)λ + 2
√
3
9
Υ(A,A,A).
This polynomial is invariant under the SO(3)-ation given by the representation ρ
of (2.2),
Pρ(h)A(λ) = PA(λ).
Thus, all the oeients of PA(λ), whih are multilinear in A, are SO(3)-invariant.
It is onvenient to hoose a basis ei in R
5
in suh a way that the identiation σ is
given by
(2.3) R
5 ∋ A = aiei 7−→ σ(A) =


a1√
3
− a4 a2 a3
a2 a
1√
3
+ a4 a5
a3 a5 −2 a1√
3

 ∈ M5.
After this onvenient hoie, the bilinear form g simply beomes
(2.4) g(A,A) = a21 + a
2
2 + a
2
3 + a
2
4 + a
2
5,
and the ternary one Υ is given by
(2.5) Υ(A,A,A) =
1
2
a1
(
6a22+6a
2
4−2a21−3a23−3a25
)
+
3
√
3
2
a4(a
2
5−a23)+3
√
3a2a3a5.
Both g and Υ are obviously SO(3)-invariant. Sine g is the usual Riemannian
metri on R5 the ation ρ of (2.2) gives a nonstandard irreduible inlusion
(2.6) ι : SO(3) →֒ O(5).
Remark 2.1. Although it is obvious we remark that
Υ(A,A,A) =
3
√
3
2
det(σ(A)).
In the following we onsider a tensor Υijk ∈
⊙3
R5 suh that
Υ(A,A,A) = Υijka
iajak.
A simple algebra leads to the following proposition.
Proposition 2.2. The tensor Υijk has the following properties
i) it is totally symmetri, Υijk = Υ(ijk),
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ii) it is trae-free, Υijj = 0,
iii) it satises the following identity
ΥjkiΥlni +ΥljiΥkni +ΥkliΥjni = gjkgln + gljgkn + gklgjn,
where g(A,A) = gija
iaj.
Remark 2.3. It is worth noting that property iii) after ontration with gkn and
Υmkn, respetively, implies
4ΥijkΥmjk = 14gim,
4ΥilmΥjlnΥkmn = −3Υijk.
Group O(5) naturally ats on
⊙3
R5 by
Υijk 7→ H liHmjHnkΥlmn, H ∈ O(5).
Our aim now is to nd the stabiliser GΥ of tensor Υijk under this ation. We know
that SO(3) ⊂ GΥ. In the following we show that it is atually equal to SO(3).
To see this we take a 1-parameter subgroup H(s) = esX of SO(5) generated by an
element X of the Lie algebra so(5) in the standard 5-dimensional representation
of skew symmetri matries. Taking
d
ds |s=0 of the stabilising equation Υijk =
H(s)l iH(s)
m
jH(s)
n
kΥlmn we get the following linear equation
(2.7) ΥljkX
l
i +ΥilkX
l
j +ΥijlX
l
k = 0
for the elements of the Lie algebra of the stabiliser. Its general solution is
X = (X ij) = x
1E1 + x
2E2 + x
3E3 = x
IEI ,
where (xI), I = 1, 2, 3, are real parameters and the matries
(2.8)
E1 =
(
0 0 0 0
√
3
0 0 1 0 0
0 −1 0 0 0
0 0 0 0 1
−
√
3 0 0 −1 0
)
, E2 =
( 0 0 √3 0 0
0 0 0 0 1
−
√
3 0 0 1 0
0 0 −1 0 0
0 −1 0 0 0
)
, E3 =
(
0 0 0 0 0
0 0 0 2 0
0 0 0 0 1
0 −2 0 0 0
0 0 −1 0 0
)
,
satisfy the so(3) ommutation relations
[E1, E2] = E3, [E3, E1] = E2, [E2, E3] = E1,
or [EJ , EK ] = ǫ
I
JKEI , for short. Thus, the intersetion of the stabiliser with the
SO(5) omponent of O(5) is equal to the irreduible SO(3). Atually the stabiliser
does not interset with the omplement of SO(5) in O(5), as it is explained in the
following lemma.
Lemma 2.4. The stabiliser of Υijk is ontained in SO(5) omponent of O(5).
Proof. Sine the omplement of SO(5) in O(5) onsists of elements of the form
−g suh that g ∈ SO(5) it is enough to prove that −g with g ∈ SO(5) an not
be in GΥ. Assuming the opposite i.e. that g ∈ SO(5) and −g ∈ GΥ we get the
ontradition by the following steps. The adjoint map Adg preserves so(3). Thus it
provides an orthogonal (with respet to the Killing form) transformation of so(3)
Adg |so(3) ∈ SO(so(3)), so(3) = Span(E1, E2, E3).
On the other hand, any orthogonal transformation of our so(3) has the form Adh
for an element h ∈ ι(SO(3)). So, g has its orresponding h ∈ ι(SO(3)) suh that,
6 MARCIN BOBIESKI AND PAWE NUROWSKI
Adg |so(3) = Adh |so(3). Thus, Adgh−1 |so(3) = Id, so that the element gh−1 ∈ SO(5)
must satisfy
gh−1X = Xgh−1, ∀X ∈ Span(E1, E2, E3).
Foring gh−1 to satisfy this ondition on the basis EJ for J = 1, 2, 3, we nd that
gh−1 = I. Thus g = h is in GΥ whih means that also −gg−1 = −I is in GΥ.
But −I ∈ O(5) sends Υijk to −Υijk, whih gives the ontradition and nishes the
proof.

Thus we have the following proposition.
Proposition 2.5.
The stabiliser of tensor Υijk is the irreduible SO(3) inluded by ι in O(5).
2.1. The O(5) invariant haraterisation of tensor Υ. Sine the stabiliser of
Υijk is the irreduible SO(3), its orbit under the O(5) ation is a 7-dimensional
homogeneous spae O(5)/ι(SO(3)). In this setion we fully haraterise this orbit
among all the orbits of O(5) ation in
⊙3
R5. On doing this we view Υijk as a
linear map
R
5 ∋ v 7→ Υv ∈ End(R5), (Υv)ij = Υijkvk.
Using this map we an rewrite the property iii) of Proposition 2.2 haraterising
Υijk to the equivalent form
∀v ∈ R5 Υ2vv = g(v, v)v.
The importane of this reformulation is justied by the following theorem.
Theorem 2.6. The O(5) orbit of tensor Υijk onsists of all tensors gijk for whih
the assoiated linear map
R
5 ∋ v 7→ gv ∈ End(R5), (gv)ij = gijkvk
satises the following three onditions
(1) it is totally symmetri, i.e. g(u,gvw) = g(w,gvu) = g(u,gwv),
(2) it is trae free tr(gv) = 0,
(3) for any vetor v ∈ R5
(2.9) g
2
vv = g(v, v)v.
Remark 2.7. The O(5) orbit of Υijk, desribed invariantly in the above theorem,
onsists of two disjoint SO(5) orbits: the orbit of Υijk and the orbit of −Υijk.
Indeed, both tensors ±Υijk satisfy the three onditions haraterising the O(5)
orbit and Υijk an not be sent to −Υijk via an element h ∈ SO(5). Otherwise the
element −h preserves Υijk and as suh belongs to GΥ whih ontradits Lemma
2.4.
Proof of Theorem. Let us onsider tensor Υijk for whih Υijka
iajak has the stan-
dard form (2.5). Then its orresponding map Υv in the g-orthonormal basis ei of
(2.3), is represented by the following matries
(2.10)
Υe1 =
(
−1 0 0 0 0
0 1 0 0 0
0 0 s 0 0
0 0 0 1 0
0 0 0 0 s
)
Υe2 =
(
0 1 0 0 0
1 0 0 0 0
0 0 0 0 c
0 0 0 0 0
0 0 c 0 0
)
Υe3 =
(
0 0 s 0 0
0 0 0 0 c
s 0 0 −b 0
0 0 −b 0 0
0 c 0 0 0
)
Υe4 =
(
0 0 0 1 0
0 0 0 0 0
0 0 −b 0 0
1 0 0 0 0
0 0 0 0 b
)
Υe5 =
(
0 0 0 0 s
0 0 c 0 0
0 c 0 0 0
0 0 0 0 b
s 0 0 b 0
)
,
IRREDUCIBLE SO(3) GEOMETRY IN DIMENSION FIVE 7
where s = − 12 , b = c =
√
3
2 . The advantage of introduing additional onstant b
will be lear later in the proof.
Now, let us take an arbitrary tensor gijk satisfying the three assumptions of
Theorem 2.6. The theorem will be proven if we manage to onstrut an orthonormal
basis (e1, . . . , e5) in R
5
in whih the matries gej take the same form (2.10) as the
matries Υei .
Lemma 2.8. For any pair of orthogonal vetors v, w the following identity holds
g(v, v)w = 2g2v w +gw gv v.
Proof of Lemma. Applying (2.9) for the vetor v + rw (r ∈ R) we get
rg(v, v)w+r2g(w,w)v = rg2vw+r
2
g
2
wv+rgvgwv+r
2
gvgww+rgwgvv+r
2
gwgvw.
The linear in r term of this identity when ompared with the symmetry gwv = gvw
yields the thesis.

The 5-th order homogeneous polynomial det(gv) onsidered on the unit sphere
{v : g(v, v) = 1} satises det(g−v) = − det(gv). Thus, it an not have a xed sign
everywhere on the sphere and there exists a unit vetor e2 suh that
det(ge2 ) = 0.
Let
e1 : = ge2e2
and let e4 be the unit vetor in the kernel of ge2 :
ge2e4 = 0.
Lemma 2.9. The vetors (e1, e2, e4) are unit and pairwise orthogonal.
Proof.
g(e4, e1) = g(e4,ge2e2) = g(e2,ge2e4) = 0,
g(e4, e2) = g(e4,g
2
e2
e2) = g(e2,g
2
e2
e4) = 0.
Using Lemma 2.8 for the unit orthogonal vetors w = e2 and v = e4 we get
e2 = ge2 ge4 e4 and so
g(e2, e1) = g(e2,ge2 ge2 ge4e4) = g(g
2
e2
e2,ge4e4) = 0.
Finally, the vetor e1 is unit:
g(e1, e1) = g(ge2e2,ge2e2) = g(g
2
e2
e2, e2) = 1.

The spae Span(e1, e2, e4) is ge2 -invariant and ge2 restrited to this invariant
spae is trae-free; the same is true for the restrition of ge2 to the orthogonal
omplement Span(e1, e2, e4)
⊥
. So, there exists a number c ≥ 0 and a pair of unit
vetors (e3, e5) suh that
ge2e3 = c e5, ge2e5 = c e3, c ≥ 0
and the system (e1, e2, e3, e4, e5) is the orthonormal basis of R
5
. The matrix of ge2
in this basis has the form as in (2.10), but the onstant c is not xed.
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Now, the use of the assumed properties of (gijk) and the suessive appliation
of Lemma 2.8 proves that the matries ge1 , . . . ,ge5 have the form of (2.10) with
the following restritions to the onstants (b, c, s):
s = −1
2
c2 =
3
4
b2 = c2.
If b = −c then one an perform the following hange of basis
(e1, e2, e3, e4, e5) 7−→ (e1, e2,−e3,−e4,−e5)
resulting the hange b 7→ (−b) in the matries (2.10).
This nishes the proof of Theorem 2.6.

Corollary 2.10. The tensor Υijk is fully determined by its properties listed in
Proposition 2.2.
3. The SO(3) struture in R5 and the representations of SO(3)
The last orollary motivates the following denition.
Denition 3.1. An SO(3) struture on R5 is a pair (g,Υ) where g is a Riemannian
metri g(A,A) = gija
iaj and Υ is a ternary form Υ(A,A,A) = Υijka
iajak suh
that
i) Υijk = Υ(ijk),
ii) Υijj = 0,
iii) ΥjkiΥlni +ΥljiΥkni +ΥkliΥjni = gjkgln + gljgkn + gklgjn.
In this setion we will use an SO(3) struture to dene representations of SO(3)
in
⊗2
R
5
. First, we reall the following well known theorem .
Theorem 3.2. All the irreduible nite-dimensional representations of SO(3) are
odd dimensional. There is a unique irreduible representation of SO(3) in spae
R
2l+1
for eah l ∈ {0, 1, 2, 3, ...}. The tensor produt R2l1+1 ⊗ R2l2+1 deomposes
onto the SO(3)-irreduible omponents aording to the following Wigner formula
(3.1) R
2l1+1 ⊗ R2l2+1 =
|l1+l2|⊕
l=|l1−l2|
R
2l+1.
The 5-dimensional irreduible representation ρ of SO(3) with the arrier spae∧1
5 := R
5
was already onsidered in (2.2). To nd the projetors onto the irreduible om-
ponents of the tensor representations
⊗2
R5,
∧2
R5 and
⊙2
R5 we use the SO(3)
struture (g,Υ). Assoiated with Υ is the following endomorphism
Υˆ :
⊗2
R
5 −→⊗2R5,
W ik
Υˆ7−→ 4 ΥijmΥklmW jl,
whih preserves the deomposition
⊗2
R5 =
∧2
R5⊕⊙2R5. Now, a simple algebra
leads to the following proposition.
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Proposition 3.3.
⊗2
R5 =
∧2
3 ⊕
∧2
7 ⊕
⊙2
1 ⊕
⊙2
5 ⊕
⊙2
9, where⊙2
1 = { S ∈
⊗2
R
5 | Υˆ(S) = 14·S } = {S = λ·g, λ ∈ R },∧2
3 = { F ∈
⊗2
R
5 | Υˆ(F ) = 7·F } = so(3) = Span(E1, E2, E3),⊙2
5 = { S ∈
⊗2
R
5 | Υˆ(S) = −3·S },∧2
7 = { F ∈
⊗2
R
5 | Υˆ(F ) = −8·F } =: n,⊙2
9 = { S ∈
⊗2
R
5 | Υˆ(S) = 4·S }.
All the representations
∧2
j ⊂
∧2
R5 and
⊙2
k ⊂
⊙2
R5 are irreduible; the indies j
and k denote their dimensions.
Remark 3.4. Note that the tensor Υˆ denes a nondegenerate SO(3) invariant salar
produt (F |F ′) = ∗(Υˆ(F ) ∧ ∗F ′) of signature (3, 7) on the spae of 2-forms
(3.2)
∧2
R
5 = so(5) = so(3)⊕ n = ∧23 ⊕∧27.
Although this salar produt diers from the one assoiated with the Killing form
k(F, F ′) = −6 ∗ (F ∧ ∗F ′), in both of them we have so(3) ⊥ n.
Remark 3.5. In agreement with the above notation we will denote the irreduible
representation R5 by ∧1
5 = R
5 =
∧1
R
5.
Using the SO(3) struture (g,Υ) we an also build up an endomorphism
Υˇ :
⊙2
R
5 −→⊙2R5
given by
Skl
Υˇ7−→ 4 ΥklmΥijmSij .
It is independent of Υˆ|⊙2R5 . Note that Υˇ is a omposition Υˇ = 4Υ¯ ◦ Υ` of two maps
⊙2
R
5 Υ`−→ ∧15 Υ¯−→⊙25
given by
(3.3) Υ`(S)i = ΥijkSjk, Υ¯(v) = Υv.
We have
ker(Υ`) =
⊙2
1 ⊕
⊙2
9, im(Υ`) =
∧1
5.
Thus Υ` restrited to
⊙2
5 is an isomorphi intertwiner between the representations⊙2
5 and
∧1
5. Furthermore we have:
4Υ¯ ◦ Υ`|⊙2
5
= 14·id.
Summarising we have the following proposition.
Proposition 3.6. The eigenvalues of Υˇ on the representations
⊙2
1⊕
⊙2
9 and
⊙2
5
are 0 and 14, respetively.
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4. The SO(3) struture on manifold
Denition 4.1. An SO(3) struture on a 5-dimensional Riemannian manifold
(M, g) is a struture dened by means of a rank 3 tensor eld Υ for whih the
assoiated linear map
TM ∋ v 7→ Υv ∈ End(TM), (Υv)ij = Υijkvk.
satises the following three onditions
(1) it is totally symmetri, i.e. g(u,Υvw) = g(w,Υvu) = g(u,Υwv),
(2) it is trae free tr(Υv) = 0,
(3) for any vetor eld v ∈ TM
Υ2vv = g(v, v)v.
Denition 4.2. Two SO(3) strutures (M, g,Υ) and (M¯, g¯, Υ¯) dened on two
respetive 5-manifolds M and M¯ are (loally) equivalent i there exists a (loal)
dieomorphism φ : M → M¯ suh that
φ∗(g¯) = g and φ∗(Υ¯) = Υ.
If M¯ = M , g¯ = g, Υ¯ = Υ the equivalene φ is alled a (loal) symmetry of (M, g,Υ).
The group of (loal) symmetries is alled a symmetry group of (M, g,Υ).
In view of Corollary 2.10, Theorem 2.6 and Proposition 2.2 tensor eld Υ redues
the struture group of the bundle of orthonormal frames over M to the irreduible
SO(3). Thus, loally, we an represent an SO(3) struture on M by a oframe
(4.1) θ = (θi) = (θ1, θ2, θ3, θ4, θ5)
on M , given up to the SO(3) transformation
(4.2) TM ⊗ Ω1(M) ∋ θ 7→ θ˜ = ρ(h)θ.
For suh a lass of oframes the Riemannian metri g is
g = θ21 + θ
2
2 + θ
2
3 + θ
2
4 + θ
2
5,
and the tensor Υ, reduing the struture group from SO(5) to SO(3), is
(4.3) Υ =
1
2
θ1
(
6θ22 + 6θ
2
4 − 2θ21 − 3θ23 − 3θ25
)
+
3
√
3
2
θ4(θ
2
5 − θ23) + 3
√
3θ2θ3θ5.
Denition 4.3. An orthonormal oframe (θ1, θ2, θ3, θ4, θ5) in whih the tensor Υ
of an SO(3) struture (M, g,Υ) is of the form (4.3) is alled a oframe adapted to
(M, g,Υ), an adapted oframe, for short.
4.1. Topologial obstrution. The determination of topologial obstrutions for
existene of an irreduible SO(3) struture on a 5-dimensional manifold is presented
in a separate paper of one of us [2℄. For the ompleteness of the present paper we
quote the result here. In the theorem below we denote by pj the jth Pontriagin
lass.
Theorem 4.4. Let M be an orientable 5-dimensional manifold. There exists an
irreduible SO(3) struture on M i M admits the standard SO(3) struture (i.e.
TM splits on the rank 2 trivial bundle and a rank 3 omplement) and
p1(TM) = 5 p˜, where p˜ ∈ H4(M ;Z).
IRREDUCIBLE SO(3) GEOMETRY IN DIMENSION FIVE 11
Remark 4.5. The irreduible inlusion ι(SO(3)) ⊂ SO(5) indues the irreduible
inlusion of ι˜(Spin(3)) ⊂ Spin(5). Assuming that w2(TM) = 0, the SO(5) stru-
ture on M an be lifted to the Spin(5) struture. It further may be redued to the
ι˜(Spin(3)) struture onM , provided thatM admits an irreduible SO(3) struture.
4.2. so(3) onnetion. Given an SO(3) struture as above, we onsider an so(3)
onnetion on M represented loally by means of an so(3)-valued 1-form Γ given
by
(4.4) Γ = (Γij) = γ
1E1 + γ
2E2 + γ
3E3,
where γ1, γ2, γ3 are 1-forms on M and EI with I = 1, 2, 3 are given by (2.8). This
onnetion, having values in so(3) ⊂ so(5), is neessarily metri. Via the Cartan
struture equations,
(4.5) dθi + Γij ∧ θj = T i
(4.6) dΓij + Γ
i
k ∧ Γkj = Kij ,
it denes the torsion 2-form T i and the so(3)-urvature 2-form Kij . Using these
forms we dene the torsion tensor T ijk ∈ (R5 ⊗
∧2
R5) and the so(3)-urvature
tensor rIjk ∈ (so(3)⊗
∧2
R5), respetively, by
T i =
1
2
T ijkθ
j ∧ θk
and
(4.7) rI = dγI + 12ǫ
I
JKγ
J ∧ γK =
√
3
2
rIjkθ
j ∧ θk.
(Note that, K = (Kij) = r
1E1 + r
2E2 + r
3E3.) The onnetion satises the rst
Bianhi identity
(4.8) Kij ∧ θj = DT i
and the seond Bianhi identity
(4.9) DKij = 0,
with the ovariant dierential dened by
DT i = dT i + Γij ∧ T j, DKij = dKij + Γik ∧Kkj −Kik ∧ Γkj .
Sine the irreduible SO(3) was dened by the demand that it preserves g and
Υ we have the following proposition.
Proposition 4.6. Every so(3) onnetion Γ of (4.4) is metri
Γ
∇v (g) ≡ 0
and preserves tensor Υ
Γ
∇v (Υ) ≡ 0 ∀v ∈ TM.
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4.3. SO(3) strutures with vanishing torsion. In this setion we nd all SO(3)
strutures (M, g,Υ) whih admit so(3) onnetions Γ of (4.4) with vanishing torsion
(4.10) T i ≡ 0.
Assuming that T i is identially zero and using the rst Bianhi identity (4.8) for
Γ we easily nd that a lot of omponents of the so(3)-urvature rI vanish. Expliitly,
we nd that in suh a ase the urvature forms (r1, r2, r3) are expressible in terms
of only one funtion r115 and read
(4.11) r1 = r115κ
1, r2 = r115κ
2, r3 = r115κ
3,
where
κ1 =
√
3θ1 ∧ θ5 + θ2 ∧ θ3 + θ4 ∧ θ5,
κ2 =
√
3θ1 ∧ θ3 + θ2 ∧ θ5 + θ3 ∧ θ4,
κ3 = 2θ2 ∧ θ4 + θ3 ∧ θ5.
It further follows, that under the assumption of (4.10), the seond Bianhi identity
(4.9) implies that
r115 = const.
This means that r115 is a real parameter and that there is only 1-parameter family
of SO(3) strutures with vanishing torsion. This family equips the prinipal bre
bundle F (M) of SO(3) frames
SO(3)→ F (M) π→M
over M with an so(3)-onnetion
Γ˜ = ρ(h) Γ ρ(h)−1 − dρ(h) ρ(h)−1(4.12)
= γ˜1E1 + γ˜
2E2 + γ˜
3E3.
This, together with the lifted oframe
(4.13) θ˜ = ρ(h)θ
of (4.2), satises the following dierential system
dθ˜1 = −√3γ˜1 ∧ θ˜5 −√3γ˜2 ∧ θ˜3
dθ˜2 = −γ˜1 ∧ θ˜3 − γ˜2 ∧ θ˜5 − 2γ˜3 ∧ θ˜4
dθ˜3 = γ˜1 ∧ θ˜2 +
√
3γ˜2 ∧ θ˜1 − γ˜2 ∧ θ˜4 − γ˜3 ∧ θ˜5
dθ˜4 = −γ˜1 ∧ θ˜5 + γ˜2 ∧ θ˜3 + 2γ˜3 ∧ θ˜2(4.14)
dθ˜5 =
√
3γ˜1 ∧ θ˜1 + γ˜1 ∧ θ˜4 + γ˜2 ∧ θ˜2 + γ˜3 ∧ θ˜3
dγ˜1 = −γ˜2 ∧ γ˜3 + r115κ˜1
dγ˜2 = −γ˜3 ∧ γ˜1 + r115κ˜2
dγ˜3 = −γ˜1 ∧ γ˜2 + r115κ˜3,
where
κ˜1 =
√
3θ˜1 ∧ θ˜5 + θ˜2 ∧ θ˜3 + θ˜4 ∧ θ˜5,
κ˜2 =
√
3θ˜1 ∧ θ˜3 + θ˜2 ∧ θ˜5 + θ˜3 ∧ θ˜4,(4.15)
κ˜3 = 2θ˜2 ∧ θ˜4 + θ˜3 ∧ θ˜5.
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The eight linearly independent 1-forms (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2, γ˜3) onstitute a ba-
sis of 1-forms on the eight dimensional manifold F (M). Moreover, sine equa-
tions (4.14) have only onstant oeients on their right hand sides, the basis
(θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2, γ˜3) an be identied with a basis of left invariant forms on
a Lie group to whih the bundle F (M) is (loally) dieomorphi. Thus we may
identify F (M) with a loal Lie group, the struture onstants of whih an be read
o from the system (4.14)-(4.15). We nd that, depending on the parameter r115,
these struture onstants orrespond to
i) SO(3)×ρ R5 group i r115 = 0
ii) SU(3) group i r115 > 0
iii) SL(3,R) group i r115 < 0.
It further follows from the system (4.14)-(4.15) that the tensors
(4.16) g˜ = θ˜21 + θ˜
2
2 + θ˜
2
3 + θ˜
2
4 + θ˜
2
5,
and
(4.17) Υ˜ =
1
2
θ˜1
(
6θ˜22 + 6θ˜
2
4 − 2θ˜21 − 3θ˜23 − 3θ˜25
)
+
3
√
3
2
θ˜4(θ˜
2
5 − θ˜23) + 3
√
3θ˜2θ˜3θ˜5
on F (M) are preserved under the Lie transport along the bres of SO(3) →
F (M)
π→ M . Moreover, these tensors are degenerate in preisely vertial dire-
tions. Thus they desend to M dening, respetively, g and Υ, i.e. an SO(3)
struture, there. Loally, depending on the sign of r115, this struture is isomorphi
to the homogeneous model M0 in ase i), the homogeneous model M+ in ase ii)
and the homogeneous model M− in ase iii).
Theorem 4.7. All SO(3) strutures with vanishing torsion are loally isometri
to one of the symmetri spaes
M = G/SO(3),
where
G = SO(3)×ρ R5, SU(3) or SL(3,R).
The Riemannian metri g and the tensor Υ dening the SO(3) struture are ob-
tained via (4.16)-(4.17) by means of the left invariant forms (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2,
γ˜3) on G, whih satisfy (4.14)-(4.15). In all three ases the metri g is Einstein.
It is at in ase of G = SO(3)×ρR5. In the other two ases the metri is not even
onformally at.
Proof. Only the last three sentenes of the theorem remain to be proven. Sine
there is no torsion, the Levi-Civita onnetion for g, when written in terms of
the oframe (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2, γ˜3), is simply Γ˜ of (4.12). Then, the diret
alulation shows that the metri is Einstein with both the Rii salar and the
Weyl tensor being proportional, modulo a onstant fator, to r115. 
Remark 4.8. Aording to the last sentene of the theorem the spaes M± orre-
sponding to nontrivial SO(3) strutures without torsion are not of onstant urva-
ture for the Levi-Civita onnetion of g.
Remark 4.9. Note that
(4.18) −K˜0 = κ˜IEI
14 MARCIN BOBIESKI AND PAWE NUROWSKI
is the urvature of the anonial onnetion [5℄ on the symmetri spae SU(3)/SO(3).
Moreover, the forms (θ˜1, θ2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2, γ˜3) dene an absolute teleparalelism
on F (M). They an be olleted to an su(3)-valued matrix
(4.19) ΓCartan =


0 γ˜3 γ˜2
−γ˜3 0 γ˜1
−γ˜2 −γ˜1 0

+ i


θ˜1√
3
− θ˜4 θ˜2 θ˜3
θ˜2 θ˜
1√
3
+ θ˜4 θ˜5
θ˜3 θ˜5 −2 θ˜1√
3


,
whih denes an su(3)-valued Cartan onnetion on the bundle SO(3)→ F (M)→
M . The urvature of this onnetion
(4.20) ΩCartan = dΓCartan + ΓCartan ∧ ΓCartan
is
ΩCartan = (r
1
15 − 1)


0 κ˜3 κ˜2
−κ˜3 0 κ˜1
−κ˜2 −κ˜1 0


and it vanishes i the orresponding so(3) onnetion Γ has onstant positive ur-
vature determined by r115 = 1.
Remark 4.10. Remark 4.9 an be generalised leading to the desription of SO(3)
geometries with arbitrary so(3) onnetion in terms of an su(3) Cartan onnetion
on the bre bundle SO(3)→ F (M)→M . Indeed, given an SO(3) geometry with
the adapted oframe (θ1, θ2, θ3, θ4, θ5) and the so(3) onnetion Γ we dene the
lifted oframe (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5) via (4.13) and the 1-forms (γ˜1, γ˜2, γ˜3) via (4.12).
Then, the su(3)-valued Cartan onnetion on F (M) is given by equation (4.19).
The urvature (4.20) of this onnetion satises the Bianhi identity
(4.21) DΩCartan = dΩCartan + ΓCartan ∧ ΩCartan − ΩCartan ∧ ΓCartan ≡ 0
and naturally splits onto the real and imaginary parts
ΩCartan = Re(ΩCartan)+iσ(T˜ ) =


0 r˜3 r˜2
−r˜3 0 r˜1
−r˜2 −r˜1 0

+i


T˜ 1√
3
− T˜ 4 T˜ 2 T˜ 3
T˜ 2 T˜
1√
3
+ T˜ 4 T˜ 5
T˜ 3 T˜ 5 −2 T˜ 1√
3


.
The imaginary part is simply the lift of the torsion T of the so(3)-onnetion Γ,
T˜ = ρ(h)T.
The real part an be olleted to a 5× 5 matrix
R˜ = r˜1E1 + r˜
2E2 + r˜
3E3.
This satises
(4.22) R˜ = K˜ − K˜0, K˜ = ρ(h)Kρ(h)−1,
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where K is the so(3) urvature of Γ and K˜0 is given by (4.18). Thus, R˜ is the lift
of the so(3) urvature K shifted by the urvature −K˜0 of the anonial onnetion
on the symmetri spae SU(3)/SO(3).
4.4. spin(3) onnetion. The even Cliord algebra Cl0(5, 0) has a 4-dimensional
faithful representation in whih the orthonormal vetors (e1, e2, e3, e4, e5) may be
represented by
(4.23)
e1 =
(
0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0
)
e2 =
(
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
)
e3 =
(
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0
)
e4 =
(
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0
)
e5 =
(
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
)
,
One heks, by diret alulations, that
e2i = 1, eiej + ejei = 0, j 6= i = 1, 2, 3, 4, 5.
Now, the double overing homomorphism Spin(5) → SO(5) indues the iso-
morphism of the Lie algebras spin(5) → so(5). By means of this isomorphism an
element eiej ∈ spin(5), i < j, is mapped to (fij) - a 5 × 5 antisymmetri matrix
having value 1 at its entry fij , value -1 at fji and value 0 in all the remaining
entries. This implies that the basis of the Lie algebra spin(3) orresponding to the
basis (E1, E2, E3) of the irreduible so(3) is
E1 =
1
2 (
√
3e1e5 + e2e3 + e4e5), E2 =
1
2 (
√
3e1e3 + e2e5 + e3e4),
E3 =
1
2 (2e2e4 + e3e5).
Expliitly:
E1 =
1
2

 0 i −
√
3 i
i 0 −i −√3√
3 −i 0 −i
i
√
3 −i 0

 E2 = 12

 i
√
3 −1 0 −1
1 i
√
3 −1 0
0 1 −i√3 1
1 0 −1 −i√3


(4.24) E3 =
1
2


2i 0 i 0
0 −2i 0 i
i 0 2i 0
0 i 0 −2i

 .
Thus we have
spin(3) = Span(E1,E2,E3) ⊂ spin(5) = Span(12eiej , i < j = 1, 2, . . . , 5).
Now, given an SO(3) struture (M, g,Υ) and an so(3) onnetion Γ = γ1E1 +
γ2E2 + γ
3E3, we assoiate with it a onnetion
(4.25) Γspin = γ
1E1 + γ
2E2 + γ
3E3 ∈ spin(3)
whih we all spin(3) onnetion. This onnetion will be used in Setion 7 to dene
ovariantly onstant spinor elds on M .
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5. Charateristi onnetion
Suppose now that we are given an SO(3) struture (M, g,Υ) on a 5-dimensional
manifold M . This denes the Levi-Civita onnetion
LC
Γ whih, having values in
so(5), is an element
LC
Γ ijk of so(5) ⊗ R5 =
∧2
R5 ⊗ R5. In the following we will be
only interested in a sublass of SO(3) strutures, whih we term nearly integrable.
Denition 5.1. An SO(3) struture (M, g,Υ) is alled nearly integrable i
(5.1) (
LC
∇v Υ)(v, v, v) ≡ 0
for the Levi-Civita onnetion
LC
∇.
The ondition (5.1), when written in an adapted oframe (4.1), is
(5.2)
LC
Γm(ji Υkl)m ≡ 0.
This motivates an introdution of the map
Υ′ :
∧2
R
5 ⊗ R5 7→⊙4R5
suh that
Υ′(
LC
Γ )ijkl = 12
LC
Γm(ji Υkl)m
=
LC
Γmji Υmkl +
LC
Γmki Υjml +
LC
Γmli Υjkm
+
LC
Γmij Υmkl +
LC
Γmkj Υiml +
LC
Γmlj Υikm(5.3)
+
LC
Γmik Υmjl +
LC
Γmjk Υiml +
LC
Γmlk Υijm
+
LC
Γmil Υmjk +
LC
Γmjl Υimk +
LC
Γmkl Υijm.
We have the following proposition.
Proposition 5.2. An SO(3) struture (M, g,Υ) is nearly integrable if and only if
its Levi-Civita onnetion
LC
Γ ∈ kerΥ′.
It is worthwhile to note that eah of the last four raws of (5.3) resembles the
l.h.s. of equality (2.7). Thus, so(3)⊗R5 ⊂ kerΥ′. Due to the rst equality in (5.3)
we also have
∧3
R5 ⊂ kerΥ′. It further follows that kerΥ′ = [so(3) ⊗ R5] +∧3R5.
Now, introduing the map
Υ` : kerΥ′ → ⊗2R5
given by
Υ`(
LC
Γ )il = Υijk
LC
Γ ljk
and observing that ker Υ` =
∧3
R5 we get the following SO(3) invariant deomposi-
tion
kerΥ′ = [so(3)⊗ R5]⊕∧3R5.
This is the base for the following proposition.
Proposition 5.3. The Levi-Civita onnetion
LC
Γ of a nearly integrable SO(3)
struture (M, g,Υ) uniquely deomposes onto
(5.4)
LC
Γ = Γ + 12T,
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where
Γ ∈ so(3)⊗ R5 and T ∈ ∧3R5 = ker Υ`.
The deomposition (5.4) of the Levi-Civita onnetion
LC
Γ of a nearly integrable
SO(3) struture denes an so(3) onnetion Γ. Rewriting the Cartan struture
equation
dθi +
LC
Γ
i
j ∧ θj = 0
for
LC
Γ into the form
dθi + Γij ∧ θj = 12T ijkθj ∧ θk
enables us to interpret T as the totally skew symmetri torsion of Γ.
Denition 5.4. An so(3) onnetion Γ of an SO(3) struture (M, g,Υ) is alled
a harateristi onnetion if its torsion Tijk is totally skew symmetri.
The onsideration of this setion an be summarised in the following theorem.
Theorem 5.5. Among all SO(3) strutures only the nearly integrable ones ad-
mit harateristi onnetion Γ. Every nearly integrable SO(3) struture denes Γ
uniquely.
Remark 5.6. Note, that out of a priori 50 independent omponents of the Levi-
Civita onnetion
LC
Γ , the nearly integrable ondition (5.1) exludes 25. Thus,
heuristially, the nearly integrable SO(3) strutures onstitute `a half' of all the
possible SO(3) strutures.
Remark 5.7. Note, that given a nearly integrable SO(3) struture its totally skew
symmetri torsion Tijk denes the torsion 3-form
T = 16Tijkθ
i ∧ θj ∧ θk.
Sine ∧3
R
5 =
∧2
R
5 =
∧2
3 ⊕
∧2
7
we have two kinds of skew symmetri torsions of `pure type' - those for whih T
belongs to the representation
∧2
3 and those whose T is in
∧2
7.
Note that for an SO(3) struture with arbitrary so(3) onnetion its torsion Tijk
belongs to
∧2
R
5 ⊗ R5. Thus, aording to the disussion at the beginning of this
setion, under the ation of SO(3), suh Tijk satisfy
Tijk ∈
∧2
R
5 ⊗ R5 =
(
[so(3)⊗ R5]⊕∧3R5)⊕ R25.
Obviously, R25 further deomposes onto irreduibles: R25 = R5 ⊕ R9 ⊕ R11.
We lose this setion with the analysis of the SO(3) deomposition of the ur-
vature
Kij =
1
2K
i
jklθ
k ∧ θl = dΓij + Γik ∧ Γkj
of the harateristi onnetion Γ. Sine Kijkl ∈ so(3)⊗
∧2
R5, this is given by the
following proposition.
Proposition 5.8. The projetors onto the irreduible omponents of the deom-
position
(5.5) so(3)⊗∧2R5 ∼=⊙21 ⊕∧23 ⊕∧27 ⊕⊙25 ⊕⊙29 ⊕∧15,
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are:
Kijkl 7−→ K[ijkl] ∈
∧4
R
5 =
∧1
5
Kijkl 7−→ Kijil =: kjl 7−→ k[jl] ∈
∧2
3 ⊕
∧2
7
Kijkl 7−→ Kijil = kjl 7−→ (k(jl) − 1
5
kii gjl) ∈
⊙2
5 ⊕
⊙2
9
Kijkl 7−→ Kijil = kjl 7−→ kii ∈
⊙2
1.
Remark 5.9. Note that the urvature tensor deomposition (5.5) is an analog, but
not just the renement, of the standard Riemann tensor omponents. The so(3)-
onnetion, we investigate, is not in general (ompare Setion 4.3 for the exeption)
the torsion free onnetion and so the urvature does not have the usual Riemann
tensor symmetries.
6. Homogeneous examples
In the present setion we look for examples of nearly integrable SO(3) strutures
admitting transitive symmetry groups.
Using the fat that the possible subgroups of SO(3) may have dimensions 0,1,3
we get the following proposition.
Proposition 6.1. A transitive symmetry group G of an SO(3) struture may have
the following dimension: 5, 6 or 8.
6.1. Examples with 8-dimensional symmetry group. If the group of transi-
tive symmetries G is 8-dimensional, the SO(3) frame bundle F (M) may be iden-
tied with G. Then, the problem of nding all the examples with suh group of
symmetries is equivalent to nd those Gs for whih the basis of left invariant forms
(θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜1, γ˜2, γ˜3) satisfy the pull-baked Cartan equations (4.4)-(4.6) with
the torsion oeients Tijk and the urvature oeients r
I
jk onstant on G. This
is a purely algebrai problem with the following solution.
Proposition 6.2. There are only three dierent examples of nearly integrable
SO(3) geometries with 8-dimensional symmetry group. These are the torsion-free
models:
M+ = SU(3)/SO(3), M0 = (SO(3)×ρR5)/SO(3), M− = SL(3,R)/SO(3).
6.2. Examples with 6-dimensional symmetry group. To obtain all the ex-
amples with 6-dimensional transitive symmetry groups we do as follows. We fur-
ther redue the lifted system (4.4)-(4.6) from the SO(3) frame bundle F (M) to a
6-dimensional group G bred over M . We will identify G with the transitive sym-
metry group of the onsidered struture. Thus, M will be a homogeneous spae
M = G/H
with H - a 1-dimensional subgroup of G.
The redution of the lifted system (4.4)-(4.6) from F (M) to G implies that on
G, the two of the onnetion 1-forms (γ˜1, γ˜2, γ˜3), say γ˜1 and γ˜2, must be R-linearly
dependent on the lift of the adapted oframe (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5). Thus, in suh
ase, the basis for 1-forms on G is (θ˜1, θ˜2, θ˜3, θ˜4, θ˜5, γ˜3). It is subjet to the lift
IRREDUCIBLE SO(3) GEOMETRY IN DIMENSION FIVE 19
of the struture equations (4.4)-(4.6). One of the integrability onditions for these
equations require that γ˜1 and γ˜2 must be of the form
(6.1)
γ˜1 = −b θ˜3 + a θ˜5,
γ˜2 = a θ˜3 + b θ˜5,
where a, b ∈ R.
Due to the fat that all the oeients in the pullbak of the Cartan struture
equations (4.4)-(4.6) are onstant on G, the losure of these equations implies the
following proposition.
Proposition 6.3. All SO(3) nearly integrable strutures with 6-dimensional sym-
metry group have (skew symmetri) torsion of the form
T = t1θ
1 ∧ θ2 ∧ θ4 + t2θ1 ∧ θ3 ∧ θ5.
There are three families of suh geometries
(1) b = t1 = t2 = 0, and a arbitrary;
(2) a = b = 0 and t1, t2 arbitrary;
(3) a = 0, b = t1−2t2
2
√
3
and t1, t2 arbitrary.
Below we disuss all possibilities.
The point 1 of Proposition 6.3. In this ase the torsion is obviously zero and
the so(3) urvature form is
K = −a2
[
κ1·E1 + κ2·E2 + κ3·E3
]
,
where κ1, κ2, κ3 are given by (4.11). Thus, in this ase, we reonstrut two of the
three torsion-free examples. For a = 0 the respetive SO(3) struture is equivalent
to M0. For a 6= 0 we reonstrut the struture M− = SL(3,R)/SO(3). The latter
ase orresponds to the following 6-dimensional subgroup of SL(3,R)
G =
{
M =
(
d e f
g h k
0 0 m
)
: detM = 1
}
, H = SO(2) =
{(
cos t sin t 0
− sin t cos t 0
0 0 1
)}
.
The point 2 of Proposition 6.3. In this ase an invariant oframe (θ˜1, . . . , θ˜5, γ˜3)
on G satises the following dierential system:
dθ˜1 = t1θ˜
2 ∧ θ˜4 + t2θ˜3 ∧ θ˜5
dθ˜2 = −t1θ˜1 ∧ θ˜4 + 2θ˜4 ∧ γ˜3
dθ˜3 = −t2θ˜1 ∧ θ˜5 + θ˜5 ∧ γ˜3
dθ˜4 = t1θ˜
1 ∧ θ˜2 − 2θ˜2 ∧ γ˜3
dθ˜5 = t2θ˜
1 ∧ θ˜3 − θ˜3 ∧ γ˜3
dγ˜3 = − t1t2
2
(θ˜3 ∧ θ˜5 + 2θ˜2 ∧ θ˜4).
The symmetry group G = G(t1,t2) depends on the torsion parameters (t1, t2). We
depit the possible Gs on the (t1, t2)-plane in Figure 1.
Below we disuss eah G(t1,t2) separately.
(i) t1 t2 (t1 − 2t2) 6= 0. In this ase G is always of the form
(6.2) G = G1 ×G2,
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S
O
(3
)×
S
O
(1
, 2
)
h2
h1
h 1
=
2h
2
Gσ
(SO(2)⋊ R2)× SO(3)
T ∈
∧ 2
3
T
∈ ∧
2
7
S
O
(1, 2)×
S
O
(3)
S
O
(3
)×
S
O
(1
, 2
)
S
O
(1, 2)×
S
O
(3)
R× (SO(2)⋊ R4) h2
= 2
h1
SO
(3)
× SO
(3)
h
1
=
−
2h
2
SO
(3)
× SO
(3)
(
S
O
(2)
⋊
R
2)×
S
O
(3)
Figure 1. Groups G(t1,t2) of SO(3) strutures of Proposition 6.3 (2)
where Gj is either SO(3) or SO(1, 2)  see Figure 1. There is a standard
inlusion of SO(2) in both of the above groups. The inlusion ofH = SO(2)
in the produt G is given by SO(2) ∋ h 7−→ (h2, h) ∈ G1×G2. We onsider
the standard 3-dimensional representations of so(1, 2) and so(3) so that the
Maurer-Cartan form θ˜MC on G is given by
(6.3) θ˜MC =


0 cα˜1 + 2η˜ α˜2 0 0 0
−(cα˜1 + 2η˜) 0 α˜4 0 0 0
ǫ1α˜
2 ǫ1α˜
4 0 0 0 0
0 0 0 0 −2cα˜1 + η˜ α˜3
0 0 0 −(−2cα˜1 + η˜) 0 α˜5
0 0 0 ǫ2α˜
3 ǫ2α˜
5 0


,
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where
c = 1√
5
,
ǫ1 = −sgn[t1(t1 − 2t2)],
ǫ2 = sgn[t2(t1 − 2t2)]
and (α˜i, η˜) is a left invariant oframe on G. We have the following relations
between (α˜i, η˜) and the anonial oframe (θ˜i, γ˜3):
γ˜3 = η˜ − 2t1+t2√
5(t1−2t2) ·α˜
1 θ˜1 =
√
5
t1−2t2 ·α˜1
θ˜2 =
√
ǫ1
−t1(t1−2t2) ·α˜2 θ˜4 =
√
ǫ1
−t1(t1−2t2) ·α˜4(6.4)
θ˜3 =
√
2ǫ2
t2(t1−2t2) ·α˜3 θ˜5 =
√
2ǫ2
t2(t1−2t2) ·α˜5.
Now, we take (g˜, Υ˜) in the anonial form (4.16), (4.17). These desend
to the SO(3) struture (g,Υ) on M = G/H due to the isotropy invariane
of (g˜, Υ˜). The G-invariant so(3) onnetion Γ on M has the following form
Γ = Γ0 − 15 (2t1 + t2)θ1·E3,
where Γ0 is the anonial onnetion on the redutive homogeneous spae
G/H  see [5℄.
Remark 6.4. It is worth to notie that on the line t2 = −2t1 the onnetion
Γ oinides with the anonial onnetion Γ0. The example from this line
orresponding to (t1, t2) = (
1
5 ,− 25 ) is due to Th. Friedrih [4℄.
In general, the torsion T has omponents in the both possible irreduible
SO(3) representations
∧2
3 and
∧2
7 (see Remark 5.7). On the line t2 = 2t1
the torsion is of pure type
∧2
3; on the line t1 = −2t2 it is of pure type
∧2
7
 see the Figure 1.
The so(3) urvature is of the form
K = −t1t2κ3·E3.
It belongs to so(3) ⊗ so(3). If t1t2 6= 0 the urvature has non-zero values
in all of the omponents
⊙2
1 ⊕
⊙2
5 ⊕
∧1
5 of the irreduible deomposition
(5.5).
(ii) t1 = 0, t2 6= 0. The group G1 of the previous ase ontrats and the
symmetry group beomes
G = (SO(2)⋊R2)× SO(3).
The inlusion of H = SO(2) in the produt G is given by
SO(2) ∋ h 7−→ (h2, h).
The Maurer-Cartan form onG has the form (6.3) with ǫ1 = 0. The relations
(6.4) remain valid after passing to the limit
ǫ1
t1
→ −sgn[(t1 − 2t2)] = sgnt2
γ˜3 = η˜ + 1
2
√
5
·α˜1 θ˜1 = −
√
5
2t2
·α˜1
θ˜2 = 1√
2|t2|
·α˜2 θ˜4 = 1√
2|t2|
·α˜4
θ˜3 = 1|t2| ·α˜3 θ˜5 = 1|t2| ·α˜5.
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These dene an SO(3) struture on M = G/H in an analogous way as in
the previous ase. The torsion T 6= 0 is never of a pure type and the so(3)
urvature K ≡ 0.
(iii) t2 = 0, t1 6= 0. This ase is the same as the previous one. One has to put
ǫ2 = 0 in (6.3) and
ǫ2
t2
→ sgnt1 in (6.4). The statements about urvature
and torsion are the same as in the previous point.
(iv) t1 = 0, t2 = 0. In this ase both the torsion and the so(3) urvature vanish.
Thus, this ase orresponds to the at model M0. Hene the symmetry
group G is extendable to SO(3)×ρR5. For the purpose of the next point it
is useful to analyse G more arefully. Let τ be the standard representation
of SO(2) in R2. In onform with the Figure 1 we observe that
G = R× (SO(2)⋊R4), H = SO(2),
where the semi-diret produt is taken with respet to the representation
τ2 ⊕ τ of SO(2) on R4. The Maurer-Cartan form θ˜MC on G is
(6.5) θ˜MC =


0 2η˜ α˜2 0 0 0 0
−2η˜ 0 α˜4 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 η˜ α˜3 0
0 0 0 −η˜ 0 α˜5 0
0 0 0 0 0 0 0
0 0 0 0 0 0 α˜1

 .
The relation between (α˜j , η˜) and (θ˜j , γ˜3) is θ˜j = α˜j and γ˜3 = η˜.
(v) t1 = 2t2, t2 6= 0. In this ase the group G = Gσ has the following abstrat
desription. We present the Lie algebra of G as a entral extension by R of
a 5-dimensional algebra l. Let us reall (see [13℄) that suh extensions are
lassied by losed 2-forms σ ∈ ∧2l∗.
Let L = SO(2) ⋊ R4 with the representation τ2 ⊕ τ of SO(2) as in the
previous point; l is the Lie algebra of L. We take the Maurer-Cartan forms
(α˜2, α˜3, α˜4, α˜5, η˜), dened in (6.5), as the basis of the left invariant forms
on L. One an hek that the following 2-form on L
(6.6) σ˜ = α˜3 ∧ α˜5 + 2α˜2 ∧ α˜4, σ : = σ˜e ∈
∧2
l∗
is losed.
We dene the Lie algebra g = gσ as a entral extension of l by R
(6.7) 0→ R −→ g π−→ l→ 0
haraterised by the element σ. Let G = Gσ be a Lie group with Lie algebra
gσ. We extend the basis of left invariant forms on L to the (left invariant)
basis (α˜1, α˜2, α˜3, α˜4, α˜5, η˜) on G. The dierential dα˜1 is (see [13℄)
dα˜1 = σ˜.
The exat sequene of Lie algebras (6.7) has a partial splitting s : so(2) →֒ g
(i.e. the omposition π ◦ s is the inlusion of so(2) into l) whih denes the
inlusion H = SO(2) ⊂ G.
Finally, the relation between this basis (α˜j , η˜) and the anonial oframe
(θ˜j , γ˜3) is as follows
γ˜3 = η˜ − t22·α˜1, θ˜1 = t2·α˜1, θ˜2 = α˜2, θ˜3 = α˜3, θ˜4 = α˜4, θ˜5 = α˜5.
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These dene a nearly integrable SO(3) struture on M = G/H as in eah
of the previous ases. The torsion T 6= 0 is never of a pure type and the
so(3)-urvature has the form
K = −2(t2)2κ3·E3.
The point 3 of Proposition 6.3. We start with the observation that the line
t1 = 2t2 on the (t1, t2)-plane in the present ase and the line t1 = 2t2 of the
previous ase oinide (see Proposition 6.3). Thus, in the entire analysis of this
ase, we assume that t1 6= 2t2.
We have the following dierential system on G
dθ˜1 = t1θ˜
2 ∧ θ˜4 + (t1 − t2)θ˜3 ∧ θ˜5
dθ˜2 = −t1θ˜1 ∧ θ˜4 + 2θ˜4 ∧ γ˜3
dθ˜3 = − 12 t1θ˜1 ∧ θ˜5 + θ˜5 ∧ γ˜3 + t1−2t22√3 θ˜2 ∧ θ˜3 + t1−2t22√3 θ˜4 ∧ θ˜5
dθ˜4 = t1θ˜
1 ∧ θ˜2 − 2θ˜2 ∧ γ˜3(6.8)
dθ˜5 = 12 t1θ˜
1 ∧ θ˜3 − θ˜3 ∧ γ˜3 − t1−2t2
2
√
3
θ˜2 ∧ θ˜5 − t1−2t2
2
√
3
θ˜3 ∧ θ˜4
dγ˜3 = − 23 (t21 − t1t2 + t22)θ˜2 ∧ θ˜4 − 12 t1(t1 − t2)θ˜3 ∧ θ˜5.
It follows, that o the line t1 = 2t2, independently of (t1, t2), the symmetry group
G = Gǫσ is a entral extension of the group
L = SL(2,R)⋊R2
by a 1-dimensional Lie group. Gǫσ is haraterised by a losed 2-form ǫσ ∈
∧2
l∗,
ǫ = sgn|t1 − t2|.
It is onvenient to hoose the basis of left invariant forms (α˜2, α˜3, α˜4, α˜5, η˜) on
L so that the Maurer-Cartan form θ˜MC on L reads
θ˜MC =

 −α˜4 α˜2 + η˜ α˜3α˜2 − η˜ α˜4 α˜5
0 0 0

 .
Obviously, we have SO(2) ⊂ SL(2,R) ⊂ L.
Now, the possible symmetry groups G = Gǫσ, ǫ = 0, 1, are presented on Figure 2.
Below, we disuss ases ǫ = 1 and ǫ = 0 separately.
(i) ǫ = 1. This ase orresponds to t1 6= t2. Here, we observe that
σ˜ = α˜3 ∧ α˜5, σ : = σ˜e ∈
∧2
l∗
is losed on L. It is this form that denes the desired entral extension
of the Lie algebra l to the Lie algebra g = gσ of the symmetry group Gσ.
Now, the forms (α˜2, α˜3, α˜4, α˜5, η˜) extend to the left invariant forms on Gσ.
Together with the form α˜1 suh that dα˜1 = σ˜ they dene the left invariant
oframe on Gσ. This oframe is related to the anonial oframe (θ˜
i, γ˜3) of
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h2
h2
= 2
h1
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1
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−
2h
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h 2
=
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2
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h 1
=
h 2
K ⊙
2
9
=
0
G
0
K∧1
5
= 0
T ∈
∧ 2
3
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Figure 2. Groups G = Gǫσ of SO(3) strutures of Proposition 6.3 (3)
(6.8) via
θ˜1 = − 6t1(t1−2t2)2 ·η˜ +
2(t1−t2)
ǫ
·α˜1
θ˜2 = 2
√
3
t1−2t2 ·α˜2 θ˜4 = 2
√
3
t1−2t2 ·α˜4
θ˜3 = α˜3 − α˜5 θ˜5 = α˜3 + α˜5(6.9)
γ˜3 =
(t1−2t2)2+3t21
(t1−2t2)2 ·η˜ −
t1(t1−t2)
ǫ
·α˜1.
Now, in analogy to the ase (v) of page 22, we use the partial splitting
s : so(2) → l, to reover the inlusion H = SO(2) ⊂ Gσ. Then the SO(3)
struture on M = G/H is obtained via the standard proedure of taking
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(g˜, Υ˜) in the form (4.16), (4.17) and passing to the quotient struture (g,Υ).
The G-invariant so(3) onnetion on M is given by
Γ = Γ0 − t1−2t22√3 θ3·E1 + t1−2t22√3 θ5·E2 − t12 θ1·E3,
where Γ0 is the anonial onnetion on G/H .
As in the entire point 2 of the present Proposition, the torsion T has the
pure type
∧2
3 i t2 = 2t1; it is of the pure type
∧2
7 i t1 = −2t2; in all other
ases it is not of a pure type (see Figure 2).
In ontrast to the point 2 of the present Proposition, the so(3) urvature
has the form
K =
1
12
[(√
3t1(t1 − 2t2) θ1 ∧ θ5 − (t1 − 2t2)2(θ2 ∧ θ3 + θ4 ∧ θ5)
)
·E1
+
(√
3t1(t1 − 2t2) θ1 ∧ θ3 − (t1 − 2t2)2(θ2 ∧ θ5 + θ3 ∧ θ4)
)
·E2
+
(
− 8(t21 − t1t2 + t22) θ2 ∧ θ4 + (−7t21 + 10t1t2 − 4t22) θ3 ∧ θ5
)
·E3
]
,
and (o the line t1 = 2t2) it is never of type so(3)⊗ so(3). In general, the
urvature an assume values in all of the omponents of the deomposition
(5.5), but
∧2
3 and
∧2
7:
K ∈⊙21 ⊕⊙25 ⊕⊙29 ⊕∧15.
Independently of (t1, t2) the urvature has always the
⊙2
1 and
⊙2
5 part;
it is without the
⊙2
9 omponent on the line t2 = 2t1 and without the
∧1
5
omponent on lines t1 = 0 and 3t1 = 2t2  see Figure 2.
(ii) ǫ = 0. This orresponds to the line t1 = t2. Now, all the formulas of the
previous ase remain valid, but the formulas for θ˜1 and γ˜3. To get orret
expressions for them, one has to pass to the limit
t1−t2
ǫ
→ 1 in (6.9).
It is worthwhile to note that the entral extension G0 is, in this ase,
trivial. Hene, the symmetry group is simply a produt
G0 = R× (SL(2,R)⋊R2) with H = SO(2) ⊂ SL(2,R).
6.3. Examples with 5-dimensional symmetry group. The rst set of exam-
ples in this setion is haraterised by the requirement that a nearly integrable
SO(3) geometry has at harateristi onnetion. The full list of suh geometries
is given in Setion 6.3.1. In Theorem 6.5 we prove that atness of the harater-
isti onnetion implies that the orresponding nearly integrable SO(3) geometry
has at least 5-dimensional transitive symmetry group. Inspetion of the examples
of Setion 6.3.1 shows that, in generi ases, their symmetry groups are stritly
5-dimensional.
Of ourse, examples with at harateristi onnetions do not exhaust the list of
all nearly integrable SO(3) strutures with stritly 5-dimensional transitive symme-
try group. We obtained another two lasses of examples assuming that, in addition
to the ation of a 5-dimensional transitive symmetry group, the torsion of har-
ateristi onnetion is of pure type. The results are given in respetive Setions
6.3.2 and 6.3.3. It is worth notiing that it was possible to nd all strutures with
5-dimensional transitive symmetry group and torsion in
∧2
3 (see Theorem 6.7). In
ase of
∧2
7 type torsion we were only able to nd a 2-parameter family of examples.
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6.3.1. Vanishing urvature.
Theorem 6.5. Let (M, g,Υ) be a nearly integrable SO(3) struture with vanish-
ing urvature of its harateristi onnetion. Then M has a struture of a 5-
dimensional Lie group G and the SO(3)-struture is G-invariant.
Proof. Sine the harateristi onnetion of an SO(3) struture is at, one an
assume that the onnetion (loally) vanishes. Thus, in a suitably hosen loal
oframe (4.1) the rst Cartan struture equations are
dθ1 = t1θ
2 ∧ θ3 + t2θ2 ∧ θ4 + t3θ2 ∧ θ5 + t4θ3 ∧ θ4 + t5θ3 ∧ θ5 + t6θ4 ∧ θ5
dθ2 = −t1θ1 ∧ θ3 − t2θ1 ∧ θ4 − t3θ1 ∧ θ5 + t7θ3 ∧ θ4 + t8θ3 ∧ θ5 + t9θ4 ∧ θ5
dθ3 = t1θ
1 ∧ θ2 − t4θ1 ∧ θ4 − t5θ1 ∧ θ5 − t7θ2 ∧ θ4 − t8θ2 ∧ θ5 + t10θ4 ∧ θ5
(6.10)
dθ4 = t2θ
1 ∧ θ2 + t4θ1 ∧ θ3 − t6θ1 ∧ θ5 + t7θ2 ∧ θ3 − t9θ2 ∧ θ5 − t10θ3 ∧ θ5
dθ5 = t3θ
1 ∧ θ2 + t5θ1 ∧ θ3 + t6θ1 ∧ θ4 + t8θ2 ∧ θ3 + t9θ2 ∧ θ4 + t10θ3 ∧ θ4.
Here the funtional oeients ti, i = 1, 2, . . . , 10 are related to the torsion 3-form
T via:
(6.11) T = t1θ
1 ∧ θ2 ∧ θ3 + t2θ1 ∧ θ2 ∧ θ4 + t3θ1 ∧ θ2 ∧ θ5 + t4θ1 ∧ θ3 ∧ θ4+
t5θ
1∧θ3∧θ5+t6θ1∧θ4∧θ5+t7θ2∧θ3∧θ4+t8θ2∧θ3∧θ5+t9θ2∧θ4∧θ5+t10θ3∧θ4∧θ5.
Now, the Bianhi identities are equivalent to the following integrability onditions
of the system (6.10):
(a) all the funtions ti, i = 1, 2, . . . , 10 are onstants
(b) they are subjet to the following onstraints
t3t10 + t6t8 − t5t9 = 0
t1t10 + t5t7 − t4t8 = 0
t3t7 − t2t8 + t1t9 = 0
t2t10 + t6t7 − t4t9 = 0
t3t4 − t2t5 + t1t6 = 0.
(6.12)
The point (a) above proves the theorem, showing that M an be identied with the
symmetry group G whih has ti as its struture onstants.

Below we solve onditions (6.12) to fully haraterise G under the generiity
assumption
t10 6= 0.
If this is assumed the general solution of system (6.12) is
t1 =
1
t10
(t4t8 − t5t7), t2 = 1t10 (t4t9 − t6t7), t3 = 1t10 (t5t9 − t6t8).
Now it is easy to see that the following linearly independent (t10 6= 0!) 1-forms
α4 = t10θ
1 − t6θ3 + t5θ4 − t4θ5
α5 = t10θ
2 − t9θ3 + t8θ4 − t7θ5
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are losed. They an be further supplemented to a oframe (α1, α2, α3, α4, α5) on
M suh that
dα1 = α2 ∧ α3
dα2 = α3 ∧ α1
dα3 = α1 ∧ α2
dα4 = 0
dα5 = 0.
This proves the following proposition.
Proposition 6.6. If the torsion oeient t10 6= 0, the symmetry group G of a
nearly integrable SO(3)-struture with at harateristi onnetion is isomorphi
to SO(3)× R2.
6.3.2. Torsion in
∧2
3.
In the following a parameter δ = 0, 1 labels 5-dimensional Lie groups Gδ. By
denition G0 = SO(3)×Aff(1), the diret produt of SO(3) and the ane group
Aff(1) in dimension 1. We haraterise the group G1 by speifying the struture
equations for a left invariant oframe on G1. Thus, G1 is suh a 5-dimensional
Lie group for whih there exists a oframe (α1, α2, α3, α4, α5) whih satises the
following equations:
dα1 = 0
dα2 = α1 ∧ α2
dα3 = −2α1 ∧ α3
dα4 = −α1 ∧ α4 + α2 ∧ α3
dα5 = α2 ∧ α4.
This group has the Lie algebra g1 whih is a entral extension 0→ R→ g1 → h→ 0
of the 4-dimensional Lie algebra
h =



x1 x3 x40 −x1 x2
0 0 0

 , x1, x2, x3, x4 ∈ R


by a real line R. The extension is given by means of a losed 2-form (see [13℄)
σ = α2 ∧ α4.
The following theorem is obtained by a suessive appliation of the Bianhi iden-
tities on the system (4.5)-(4.6) in whih the harateristi onnetion Γ is supposed
to have torsion in
∧2
3 and for whih all the onnetion oeients, the urvature
oeients and the torsion oeients are onstants.
Theorem 6.7. Let (M, g,Υ) be a nearly integrable SO(3) geometry admitting a
5-dimensional transitive symmetry group G. Assume, in addition, that the torsion
of its harateristi onnetion is of pure type
∧2
3. Then:
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• Modulo a onstant SO(3) gauge transformation, it is dened by means of
the adapted oframe (θ1, θ2, θ3, θ4, θ5) satisfying the following dierential
system:
dθ1 = − 23
√
3̺ǫ
(
θ2 ∧ θ4 + (2− 3δ)θ3 ∧ θ5
)
dθ2 = −2̺ cosϕ θ2 ∧ θ4
dθ3 = −̺ cosϕ θ2 ∧ θ5 +
√
3̺ǫ(1− δ)θ1 ∧ θ5 + ̺ǫδθ2 ∧ θ3 + ̺(δǫ− sinϕ)θ4 ∧ θ5
dθ4 = −2̺ sinϕ θ2 ∧ θ4
dθ5 = ̺ cosϕ θ2 ∧ θ3 +
√
3̺ǫ(δ − 1)θ1 ∧ θ3 − ̺ǫδθ2 ∧ θ5 − ̺(δǫ + sinϕ)θ3 ∧ θ4,
with onstant parameters ̺ > 0, ϕ ∈ [0, 2π[, ǫ = ±1, δ = 0, 1.
• G ∼= Gδ.
• For all values of the parameters ǫ, δ, ̺, ϕ the urvature of the harateristi
onnetion is of type
⊙2
1 ⊕
⊙2
5 ⊕
∧1
5 with all the irreduible omponents
non-zero.
6.3.3. Torsion in
∧2
7.
It is easy to hek that an adapted oframe (θ1, θ2, θ3, θ4, θ5) with dierentials given
by:
dθ1 = 0
dθ2 = −̺ cosϕθ2 ∧ θ4
dθ3 = 12
√
3̺ cosϕ θ1 ∧ θ3 − 12
√
3̺ sinϕ θ1 ∧ θ5 − 12̺ sinϕ θ2 ∧ θ3 + 12̺ cosϕ θ3 ∧ θ4
dθ4 = ̺ sinϕ θ2 ∧ θ4
dθ5 = − 12
√
3̺ sinϕ θ1 ∧ θ3 − 12
√
3̺ cosϕ θ1 ∧ θ5 − 12̺ sinϕ θ2 ∧ θ5 − 12̺ cosϕ θ4 ∧ θ5,
where the parameters ̺ > 0, ϕ ∈ [0, 2π[ are onstants, denes a nearly integrable
SO(3) geometry whose harateristi torsion has pure type
∧2
7. Its symmetry group
is transitive, stritly 5-dimensional and has the following Maurer-Cartan form
θMC =


α4 0 0 α1
0 α5 0 α2
0 0 −(α4 + α5) α3
0 0 0 0

 ,
where the forms (α1, α2, α3, α4, α5) are related to the oframe (θ1, θ2, θ3, θ4, θ5) via
an appropriate ̺-dependent GL(5,R) transformation.
It is worth noting that the urvature of the harateristi onnetion in this
2-parameter family of examples is always of the type
⊙2
1 ⊕
⊙2
9 with both the
irreduible omponents non-zero.
7. Rii tensor and ovariantly onstant spinors
7.1. Rii tensor. We have the following proposition
Proposition 7.1. For every nearly integrable SO(3) struture (M, g,Υ) the Rii
tensor RicLC of the Levi-Civita onnetion
LC
Γ is related to the Rii tensor RicΓ of
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the harateristi so(3) onnetion Γ via
RicLCij = Ric
Γ
ij +
1
4TiklTjkl +
1
2 (∗d ∗ T )ij .
Corollary 7.2. Given a nearly integrable SO(3) struture (M, g,Υ) the following
two onditions are equivalent.
• The odierential of the torsion 3-form T vanishes.
• The Rii tensor RicΓ of the harateristi onnetion Γ is symmetri.
Thus, for nearly integrable SO(3) strutures we have
∗d ∗ T ≡ 0 ⇐⇒ RicΓij ≡ RicΓji.
In the rest of this setion we disuss the torsion/urvature properties of the
homogeneous examples of Setion 6. It is interesting to note that all these examples
satisfy
∗d ∗ T ≡ 0.
Thus, the Rii tensor RicΓ is symmetri for them. In many ases both the Rii
tensors RicΓ and RicLC are diagonal1. More expliitly,
• in ase (1) of Proposition 6.3 we have:
RicLC = RicΓ = −6a2g, T ≡ 0
• in ase (2) of Proposition 6.3 we have:
RicLC = 12 (t
2
1 + t
2
2)g +
1
24 (16t
2
1 + 12t1t2 − t22)E23 + 124 (4t21 − t22)E43 ,
RicΓ = 12 t1t2E
2
3 ,
dT = −2t1t2θ2 ∧ θ3 ∧ θ4 ∧ θ5
• in ase (3) of Proposition 6.3 we have:
RicLC = (t21 − t1t2+ 12 t22)g+ 124 (44t21− 58t1t2+27t22)E23 + 124 (8t21− 10t1t2+3t22)E43 ,
RicΓ = 12 t1(t1 − 2t2)g + 112 (14t21 − 29t1t2 + 14t22)E23 + 112 (t1 − 2t2)(2t1 − t2)E43 ,
dT = −t21θ2 ∧ θ3 ∧ θ4 ∧ θ5
• for the examples of Theorem 6.5 we have:
RicΓ ≡ 0,
dT ≡ 0
and RicLC has a rather ompliated form depending on the torsion param-
eters ta, a = 1, 2, . . .10; for some values of the parameters the Levi-Civita
Rii tensor RicLC may be diagonal, e.g.: if ta = 0, ∀a 6= 1 then
RicLC = 12 t
2
1
(
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 0
)
• for the examples of Theorem 6.7 we have:
RicLC = ̺2(103 − 2δ)g + 2̺2E23 ,
RicΓ = −2̺2δg + 43̺2E23 ,
dT = 43̺
2(3δ − 4)θ2 ∧ θ3 ∧ θ4 ∧ θ5
1
Note that the square of the matrix E3 and its fourth power are diagonal matries.
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• for the examples of Setion 6.3.3 we have:
RicLC = − 3̺22


1 0 0 0 0
0 sin2(ϕ) 0
1
2 sin(2ϕ) 0
0 0 0 0 0
0
1
2 sin(2ϕ) 0 cos
2(ϕ) 0
0 0 0 0 0

 , RicΓ = − ̺22

 3 0 0 0 00 2−cos(2ϕ) 0 sin(2ϕ) 00 0 1 0 0
0 sin(2ϕ) 0 2+cos(2ϕ) 0
0 0 0 0 1

 ,
dT ≡ 0.
7.2. Absene of ovariantly onstant spinors. We now pass to the question
if a manifold with an SO(3) struture (M, g,Υ) and an so(3) onnetion Γ may
admit a ovariantly onstant spinor eld. We look for Ψ : M → C4 suh that
(7.1) dΨ + ΓspinΨ = 0,
where Γspin is a spin onnetion (4.25) orresponding to Γ.
We use the urvature
Ωspin = dΓspin + Γspin ∧ Γspin
of Γspin. This urvature is expressible in terms of the urvature K =
√
3
2 r
I
jkθ
jθkEI
of Γ and the (Dira) matries EI of (4.24). We have
Ωspin =
√
3
2 r
I
jkθ
j ∧ θkEI .
It is easy to see that the integrability onditions for the equations (7.1) are
ΩspinΨ = 0.
These equations should be satised for eah element of the basis of 2-forms θi ∧ θk.
Thus, they are equivalent to
WijΨ = 0, ∀i < j = 1, 2, 3, 4, 5
where Wij is a 4x4 matrix
Wij = r
I
ijEI .
This shows that an existene of a non-zero solution for Ψ gives a severe restritions
on the urvature Ωspin. In partiular, this implies that
(7.2) det(Wij) = det(r
I
ijEI) = 0 ∀i < j = 1, 2, 3, 4, 5.
But
det(Wij) =
9
16
(
(r1ij)
2 + (r2ij)
2 + (r3ij)
2
)2
.
Thus, equations (7.2) are satised only if all the urvature oeients rIij are zero.
In suh ase Ωspin = 0, whih means that the orresponding so(3) onnetion Γ is
at. This proves the following proposition.
Proposition 7.3. Let (M, g, t) be a 5-dimensional SO(3) geometry equipped with
an so(3) onnetion Γ. Then (M, g,Υ) admits a ovariantly onstant spinor eld
with respet to the orresponding spin(3) onnetion Γspin if the onnetion Γ is at.
If this ondition is satised then, loally, one has a 4-parameter family of onstant
spinors.
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8. The twistor bundle T
It is remarkable that eah 5 dimensional manifold M with an SO(3) struture
(g,Υ) on it denes a natural 2-sphere bundle S2 → T → M . This bundle, whih
via analogy with the twistor theory, we all the twistor bundle, will be dened by
realling that at every point x of M we have a distinguished subspae (
∧2
3)x of
those 2-forms that span the irreduible so(3). Considered point by point, spaes
(
∧2
3)x form a rank 3 vetor bundle
∧2
3M overM with the following basis of setions
κ1 =
√
3θ1 ∧ θ5 + θ2 ∧ θ3 + θ4 ∧ θ5,
κ2 =
√
3θ1 ∧ θ3 + θ2 ∧ θ5 + θ3 ∧ θ4,
κ3 = 2θ2 ∧ θ4 + θ3 ∧ θ5.
Here we have used the adapted oframe (θ1, θ2θ3, θ4, θ5) for (M, g,Υ). It is also
onvenient to note that the forms (κ1, κ2, κ3) are related to the basis (E1, E2, E3)
of the irreduible so(3) ⊂ so(5) via κI = 12EIijθi ∧ θj , I = 1, 2, 3, see (2.8).
Denition 8.1. The twistor bundle over a 5-dimensional manifold M equipped
with an SO(3) struture (g,Υ) is the 2-sphere bundle S2 → T π−→M dened by
(8.1) T =
{
ω ∈ ∧23M : ∗(ω ∧ ∗ω) = 5 } .
Remark 8.2. The onstant 5 in the above normalisation means that ω ∈ ∧23M i
ω = b1κ
1 + b2 κ
2 + b3 κ
3
where b21 + b
2
2 + b
2
3 = 1.
Consider the omplexiation TCM of the tangent bundle of (M, g,Υ) and de-
note by the same letters the omplexiations of the tensors g and Υ. At every
point x ∈M onsider the spae
Nx = {n ∈ TCxM : Υ(n, n, ·) ≡ 0}
of vetors, whih are null with respet to the omplexied Υ. Given any omplexi-
ed vetor 0 6= v ∈ TCxM we dene
dir(v) = {λv ∈ TCxM : λ ∈ C}.
We have the following proposition
Proposition 8.3. The spae of null diretions
PNx = {dir(n) : n ∈ Nx}
is a disjoint sum of two onneted omponents
PNx = PN
+
x ⊔ PN−x , PN−x = PN+x .
Eah of them is naturally dieomorphi to the bre Tx = π
−1(x) = S2 of the twistor
bundle T.
Proof. Consider a 2-form ω ∈ Tx. In the adapted oframe (θ1, θ2, θ3, θ4, θ5) it reads
ω = 12ωijθ
i ∧ θj . It denes a linear map
TCxM ∋ vi 7−→ (ωv)j = ωjivi ∈ TCxM.
It is easy to see that the eigenvalues of this endomorphism are {0,±i,±2i}. The
orresponding ±2i eigenspaes are null with respet to Υ due to the following
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argument. The SO(3) invariane of the tensor Υ, see (2.7), when applied to form
ω and a vetor n belonging to the ±2i eigenspaes of ωij reads
0 = Υ(ωn, n, ·) + Υ(n, ωn, ·) + Υ(n, n, ω·) = 4iΥ(n, n, ·) + Υ(n, n, ω·).
Now, if v belongs to any eigenspae of ωij the impliation of this equality is
Υ(n, n, v) = 0, whih means that Υ(n, n, ·) ≡ 0.
Thus, the following map
Tx ∋ ω 7−→ ker(ω ∓ 2i) ∈ PN±x .
is well dened. It further follows that it provides the desired dieomorphism be-
tween Tx and PN
±
x .

Now we dene the 2-sphere bundle of null diretions for Υ to be
PN =
⋃
x∈M
PN+x
and, as a orollary to the above proposition, we get:
Proposition 8.4. There exists a natural bundle isomorphism between the bundle
PN of null diretions for Υ and the twistor bundle T.
Remark 8.5. The above proposition enables one to view the twistor bundle T as
an analog of the twistor bundles of 4-dimensional (pseudo)Riemannian geometries
(see e.g. [8℄). Historially, the rst suh bundle - Penrose's bundle of light rays over
the Minkowski spae-time [10℄ - is a 2-sphere bundle of null diretions. It proved to
be very useful in General Relativity Theory, espeially in the ase of omplexied
Minkowski spae-time and its urved generalisations. Motivated by the utility of
Penrose's bundle of light rays Atiyah, Hithin and Singer [1℄ onsidered the 2-sphere
bundle of omplexied null 2-planes over a 4-dimensional Riemannian manifold.
This bundle, whih they identied with the bundle of almost hermitian strutures
over the 4-manifold, they termed the twistor bundle. Later, mathematiians gener-
alised the notion of twistor bundle in many diretions, so that the relation between
null diretions and todays twistors is weaker and weaker. We nd a partiularly
remarkable the fat that the 5-dimensional geometries onsidered in the present
paper lead to twistor bundle T whose relation to null diretions is very apparent.
8.1. Elements of geometry of T. Now, we onsider an arbitrary SO(3) struture
(M, g,Υ) equipped with an so(3) onnetion Γ (we do not assume that Γ is the
harateristi onnetion). These data indue interesting geometrial strutures on
the twistor bundle T. The rest of this setion is devoted to their brief desription.
(1) The onnetion Γ splits the tangent spae TT into horizontal and vertial
parts:
TT = H⊕ V .
The bre of the twistor bundle Tx is naturally embedded in the vetor spae
(
∧2
3)x. It is a unit sphere S
2
with respet to the natural salar produt Σ
on two-forms, whih expliitly reads
Σ(σ1, σ2) =
1
5 ∗ (σ1 ∧ ∗σ2), ∀σ1, σ2 ∈ (
∧2
3)x.
IRREDUCIBLE SO(3) GEOMETRY IN DIMENSION FIVE 33
Thus the vertial tangent spae Vω at a point ω ∈ Tx may be identied
with the orthogonal omplement of ω with respet to Σ. Hene
Vω = {σ ∈ (
∧2
3)x : Σ(σ, ω) = 0}.
(2) There is a natural Riemannian metri g˜ on T. This metri is given by
g˜ = Σ2 ⊕ π∗g, where Σ2 is the natural salar produt indued on the bre
by Σ.
(3) There is a natural omplex struture J on the bre Tx, given by
Jω(σ) = [ω, σ] σ ∈ Vω ⊂ (
∧2
3)x.
Here, we view the forms ω and σ as elements of the Lie algebra so(3) ∼=
(
∧2
3)x, so that [·, ·] is the Lie braket in so(3). Obviously, J is ompatible
with the metri Σ2. Now, the metri Σ2 together with orientation given by
J determine the volume 2-form η2 on the bre.
(4) There is a tautologial horizontal 2-form ω on T.
(5) T is equipped with the horizontal vetor eld u given by
g˜(u) = 14 ∗˜(η2 ∧ ω ∧ ω)
where ∗˜ is the Hodge star operation on (T, g˜). The vetor eld u is unital:
g˜(u, u) = 1. We denote the g˜-orthogonal omplement of u in H by Hu.
(6) At every point x ∈ T the metri g˜ desends to the 4-dimensional, naturally
oriented, vetor spae Hux. Thus, in Hux, the Hodge star operator is well
dened. By using it we deompose the restrition of the tautologial 2-form
ω|Hu into the self-daul and anti-self-dual parts
ω|Hu = ω+ + ω−.
The forms ω± dene the pair of π∗g-ompatible omplex strutures J± on
Hu
π∗g(J±v1, v2) =
2
2± 1 ω±(v1, v2), v1, v2 ∈ Γ(H
u).
These two omplex strutures ommute:
[J+, J−] = 0.
8.2. Almost CR-strutures on T and their integrability onditions. We
reall that an odd-dimensional real manifold P is equipped with an almost CR-
struture if there exists on P a distinguished odimension one distribution N en-
dowed with an almost omplex struture J (see e.g. [9℄). The ±i eigenspaes of J
dene the split
C⊗N = N (1,0) ⊕N (0,1).
An almost CR-struture (N ,J ) on P is alled an integrable CR-struture i the
following integrability onditions are satised
[N (1,0),N (1,0)] ⊂ N (1,0).
The twistor bundle T is naturally equipped with four almost CR-strutures.
They are genuinely distint i.e. not related by the onjugay operation. One obtains
these strutures by dening the distribution N to be NT = u⊥, the orthogonal
omplement of the unit vetor u with respet to the metri g˜ on T. Sine NT =
V ⊕Hu, then the four almost omplex strutures on NT may be dened by
J = J ⊕ ǫJ±, ǫ = 1 or − 1.
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Thus we have four natural almost CR-strutures on T dened by means of four J s
on NT. Among them the most interesting is
(NT,J0), where J0 = J ⊕ J+.
This struture is the only one among (NT,J ) that may be integrable. More speif-
ially, we have the following theorem.
Theorem 8.6.
(1) Among the four natural almost CR-strutures (NT, J ⊕ ǫJ±) on T, the only
one that may be integrable is (NT,J0).
(2) Let (M, g,Υ) be a nearly integrable SO(3) struture and let (NT,J0) be
the almost CR-struture on T indued by the harateristi onnetion of
(M, g,Υ). This CR-struture is integrable if and only if
K⊙2
9
≡ 0, and T ∈ ∧23.
Sketh of the proof. We start by hoosing an SO(3) adapted oframe (θ1, θ2, θ3, θ4, θ5)
on U ⊂M . We parametrise T|U by U ×C, so that the tautologial 2-form ω reads
(8.2) ω = z+z1+|z|2κ1 +
i(z−z)
1+|z|2 κ2 +
1−|z|2
1+|z|2 κ3, z ∈ C.
The horizontal-vertial splitting of the tangent bundle TT with respet to an so(3)-
onnetion Γ = γ1E1+γ2E2+γ3E3 is given by the following omplex valued 1-form
h˜ = 11+|z|2
(
dz + 1−z
2
2i γ1 +
1+z2
2 γ2 + iz γ3
)
.
The horizontal subspae H ⊂ TT is the kernel of h˜.
The 1-form u˜ = g˜(u) - the g˜-dual to the unit horizontal vetor eld u - is given
by
u˜ = − 1−4|z|2+|z|4(1+|z|2)2 θ1+ i
√
3(z−z)(z+z)
(1+|z|2)2 θ
2−
√
3(z+z)(|z|2−1)
(1+|z|2)2 θ
3−
√
3(z2+z2)
(1+|z|2)2 θ
4− i
√
3(z−z)(|z|2−1)
(1+|z|2)2 θ
5.
Sine there exist two ommuting omplex strutures J± on every 4-dimensional
horizontal subspae Hux, the omplexiation of this subspae deomposes onto the
ommon eigenspaes of J±. Expliitly we have
(Hux)C = N1 ⊕N2 ⊕N1 ⊕N2,
where the spaes N1 and N2 are dened by
J±N1 = iN1, J±N2 = ±iN2,
and N1, N2 denote their respetive omplex onjugates. The expliit formulae for
the g˜-duals n˜1 and n˜2 of the vetors n1 and n2 generating the subspaes N1 and
N2 are the following
n˜1 =
i2
√
3z(|z|2−1)
(1+|z|2)2 θ
1 − 2(z3+z)(1+|z|2)2 θ2 − i(1−3z
2−3zz+z3z)
(1+|z|2)2 θ
3 − 2i(z3−z)(1+|z|2)2 θ4 − 1+3z
2−3zz−z3z
(1+|z|2)2 θ
5,
n˜2 =
i2
√
3z2
(1+|z|2)2 θ
1 + z
4−1
(1+|z|2)2 θ
2 − 2iz(z2−1)(1+|z|2)2 θ3 + i(z
4+1)
(1+|z|2)2 θ
4 + 2z(z
2+1)
(1+|z|2)2 θ
5.
The spae N (1,0)
T
of (1, 0)-forms with respet to the almost omplex struture J0
is spanned by
N (1,0)
T
= SpanC(h˜, n˜1, n˜2).
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Thus the integrability onditions for the CR struture (NT,J0) have the form
du˜ ∧ u˜ ∧ h˜ ∧ n˜1 ∧ n˜2 ≡ 0
dh˜ ∧ u˜ ∧ h˜ ∧ n˜1 ∧ n˜2 ≡ 0
dn˜1 ∧ u˜ ∧ h˜ ∧ n˜1 ∧ n˜2 ≡ 0
dn˜2 ∧ u˜ ∧ h˜ ∧ n˜1 ∧ n˜2 ≡ 0,
The expression for the other almost CR strutures are analogous.
The remaining part of proof of the theorem is skipped due to its purely ompu-
tational harater.

Remark 8.7. We lose this setion with a remark that on T there exist also other
natural geometries whose integrability onditions may enode the torsion/urvature
properties of SO(3) strutures. Let us dene the following real 1-forms
ϑ1 = Re(n˜1), ϑ
2 = Im(n˜1), ϑ
3 = Re(n˜2), ϑ
4 = Im(n˜1),
ϑ5 = u˜, ϑ6 = −Im(h˜), ϑ7 = Re(h˜).
They dene the g˜-orthonormal (loal) oframe on T. The following 3-forms
φ1 =
i
2 (n˜1 ∧ n˜1 − n˜2 ∧ n˜2) ∧ u˜
φ2 =
i
2 (n˜1 ∧ n˜2 ∧ h˜− n˜1 ∧ n˜2 ∧ h˜)
φ3 =
i
2 u˜ ∧ h˜ ∧ h˜
are well dened on T. They may be olleted to a single well dened 3-form
φ = φ1 + φ2 + φ3.
This, when expressed in terms of the orthonormal oframe (ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, ϑ6, ϑ7),
reads
φ = (ϑ1∧ϑ2−ϑ3∧ϑ4)∧ϑ5+(ϑ1∧ϑ3−ϑ4∧ϑ2)∧ϑ6+(ϑ1∧ϑ4−ϑ2∧ϑ3)∧ϑ7+ϑ5∧ϑ6∧ϑ7.
It equips T with a G2 ⊂ SO(g˜) struture (see [11℄).
9. Aknowledgements
This paper is inspired by a talk Fast-hermiteshe Mannigfaltigkeiten mit par-
alleler harakteristisher Torsion whih Thomas Friedrih gave at Humboldt Uni-
versity on 18.05.2004. We thank Ilka Agriola, Thomas Friedrih, Paul-Andi Nagy
and Simon Salamon for helpful disusions. Our speial thanks go to Ilka Agriola.
Without her our ollaboration would not be possible.
Referenes
[1℄ Atiyah M F, Hithin N J and Singer I M (1978)  Self-duality in four-dimensional Riemannian
geometry, Pro. Roy. So. London Ser. A 362, 425461
[2℄ Bobie«ski M (2005) The topologial obstrutions to the existene of an irreduible SO(3)
strutures on a ve manifold, in preparation
[3℄ Friedrih Th (2003) On types of non-integrable geometries, Rend. Cir. Mat. Palermo, Serie
II, Suppl. 71, 99-113
[4℄ Friedrih Th (2004) private ommuniatiion
[5℄ Kobayashi S, Nomizu K (1969) Foundations of dierential geometry, Intersiene Publishers
36 MARCIN BOBIESKI AND PAWE NUROWSKI
[6℄ Lawson H B, Mihelsohn M-L (1989) Spin geometry, Prineton Mathematial Series 38,
Prineton University Press
[7℄ Nagy P-A (2004), private ommuniation
[8℄ Nurowski P (1997) Twistor bundles, Einstein equations and real strutures Class. Q. Grav.
14, A261-A290
[9℄ Nurowski P, Trautman A (2002) "Robinson manifolds as the Lorentzian analogs of Hermite
manifolds" Di. Geom. Appl. 17, 175-195
[10℄ Penrose R (1967) The twistor algebra J. Math. Phys. 8, 345366
[11℄ Salamon S (1989) Riemannian geometry and holonomy groups, Pitman Researh Notes in
Math. 201, Longman
[12℄ Smale S (1962) On the struture of 5-manifolds Ann. of Math. 75 38-46
[13℄ Weibel Ch A (1994) An introdution to homologial algebra, Cambridge Studies in Advaned
Mathematis 38, Cambridge University Press
[14℄ Wu W (1950) Classes arateristiques et i-arres d'une variete C.R. Aad. S. 230 508-9
Instytut Matematyki, Universytet Warszawski, ul. Banaha 2, Warszawa, Poland
E-mail address: mbobimimuw.edu.pl
Instytut Fizyki Teoretyznej, Uniwersytet Warszawski, ul. Hoza 69, Warszawa,
Poland
E-mail address: nurowskifuw.edu.pl
